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Abstract: This paper examines the method developed by Norton, Wang and Ai (2004) to compute the
interaction effects, and their standard errors, in probit and logit models. It finds that their method is not
suitable for probit or logit models that contain multiple interaction terms that include the same variable.
The contribution of the paper is that it develops a set of matrix algebra formulas that will estimate the
interaction effects in probit models that contain multiple interaction terms that include the same variable. It
also develops a set of matrix algebra formulas that will allow the standard errors for the interaction effects
to be derived using the Delta method.
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1. INTRODUCTION

Ai and Norton (2003) found that despite the common use of interaction terms, most applied researchers
incorrectly interpret the coefficient on the interaction terms in nonlinear models. They conducted a review
of 13 economic journals listed in JSTOR (www.jstor.org) and identified 72 articles published between 1980
and 1999 that used interaction terms in nonlinear models. Of these 72 articles, they found that none had
correctly interpreted the coefficient on the interaction term.

Norton, Wang and Ai (2004) note that most applied economists estimated the marginal effect of an
interaction term instead of the interaction effect of an interaction term. To facilitate the correct computation
of interaction effects for interaction terms in probit and logit models, they developed three formulas to
compute the interaction effects for interaction terms based on: 1) the interaction of two continuous
variables; 2) the interaction of a continuous variable and a discrete variable; or 3) the interaction of two
discrete variables. The formulas are based on a probit or logit model that only contains one interaction
term. To derive the standard error for the interaction effect in probit and logit models, they use the Delta
method.

One limitation of the three formulas developed by Norton, Wang and Ai (2004) is that they do not
accommodate the computation of interaction effects when there is more than one interaction term with the
same independent variable. In addition, they do not accommodate the computation of the standard error for
the interaction effect when there is more than one interaction term with the same independent variable; this
is because the derivatives of some of the coefficients with respect to the interaction effect cannot be
computed correctly.

2. THE ESTIMATION OF INTERACTION EFFECTS IN PROBIT MODELS WHERE
MULTIPLE INTERACTION TERMS INCLUDE THE SAME VARIABLE

This section of the paper develops a set of matrix algebra formulas that will overcome the limitations of the
formulas developed by Norton, Wang and Ai (2004). All the propositions in this section are based on the
following probit model:

Ply=1|x]=®(x' B+ x' Ax) )
where @ is the standard normal cumulative distribution, x = [xl e xn] is a vector of independent
variables, without any interaction terms, 5 = [ﬂl .. ﬂn] is a vector of coefficients for the variables

0 ﬂlZ ﬂln

inx,and A=| f,;, 0 [, |is matrix of coefficients for the interaction terms in the model.

ﬂnl ﬂnZ 0

In the A matrix, ﬂlj =p ji» Where I # j. It is necessary to set ﬂlj equal to ,B ji in order to correctly
derive the formulas for the interaction effects. However, this means that the 4 matrix must be multiplied by
5 when it is used in the index for the standard normal cumulative distribution function, ® . Based on the
structure of the interaction term coefficients matrix, 4, the x'Ax term in 1 is not a quadratic.
Consequently, the derivate of the x' Ax term with respect to x will be equal to Ax , and not 2 Ax .

The constant coefficient value is also contained in the variable coefficients vector, ﬂ , with the
corresponding variable value set to 1 in the variable vector, x . The position of the constant coefficient
value in the variable coefficients vector, £, and 1 in the variable vector, X , depend on the position of the
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constant in the probit model. The position of the variable values in the variable vector, X , and the variable
coefficient values in the variable coefficients vector, ﬂ , are also based on their positions within the probit

model. The position of the interaction term coefficients in the interaction term coefficients matrix, A4, are
based on the position in the model of the two variables used to form the interaction term. The row of the
interaction term coefficient is determined by the position in the model of the first variable in the interaction
term, and the column of the interaction term coefficient is determined by the position in the model of the
second variable in the interaction term.

Proposition A.1 (The Computation of Continuous * Continuous Interaction Effects)

Let y be a random variable which follows the probability law as defined in 1, then the interaction effects of
continuous variables in the x vector is:

aaq)—;uv) =@'(x'B+x' Y Ax)A+ D" (x' B+ x' ) Ax) B+ Ax][f'+x' 4]
x0x

The preceding formula computes the interaction effects for interaction terms based on the interaction of two
continuous variables, where u =x'f+x'Ax, ®' is the first derivative of the standard normal

cumulative distribution, and ®" is the second derivative of the standard normal cumulative distribution.
The computation of the formula results in a #X 7 matrix. It should be noted that only the interaction
effects for continuous * continuous interaction terms specified in the probit model will be valid.

Proposition A.2 (The Computation of the Derivatives of the Independent Variable Coefficients in the ﬂ

Vector with respect to the Continuous * Continuous Interaction Effects)

The derivatives of the independent variable coefficients in the f vector with respect to the interaction
effects of continuous variables from proposition A.1 is:

avec[aq)(u)j

% = @"(x' B+ x'}4 Ax)vec(A)x'+
O"(x'B+x' Y Ax (I, ®[B + Ax]vec([ B+x" A]))x'+
O"(x'B+x"YAx)(I, ®[B+ Ax]), )+
" (x' B +x' ) Ax N([B+x' 41®1,)1,)

The preceding formula computes the derivatives of each of the variable coefficients in the ,B vector with
respect to each of the continuous * continuous interaction effects, whereu = x' S+ x' Ax, ®" is the

second derivative of the standard normal cumulative distribution, and ®''" is the third derivative of the
standard normal cumulative distribution. The computation of the formula results in a 7X#n matrix. It
should be noted that the results of the formula will need to be unveced. It should also be noted that only the
derivatives of each of the independent variable coefficients in the  vector with respect to each of the
interaction effects for continuous * continuous interaction terms specified in the probit model will be valid.

Proposition A.3 (The Computation of the Derivatives of the Interaction Term Coefficients in the
Matrix, A, with respect to the Continuous * Continuous Interaction Effects)

The derivatives of the interaction term coefficients in the 4 matrix with respect to the interaction effects of
continuous variables from proposition A.1 is:
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@'"(x' B+ x' Y Axvec([ B+ Ax][ f+x' A])(vec(xx"))+
@"(x' B+ x' Y Ax\(1, ®[B+ Ax])(1, ® x)1 . )+
@"(x' B+x'J Ax\([B+x' A®1, |(x®1,)1 )

The preceding formula computes the derivatives of each of the interaction term coefficients in the
interaction term coefficients matrix, 4, with respect to each of the continuous * continuous interaction

effects, where u = x' f + x' Ax, @' is the first derivative of the standard normal cumulative distribution,

®" is the second derivative of the standard normal cumulative distribution, and ®D''" is the third

derivative of the standard normal cumulative distribution. The computation of the formula results in a

n? X n® matrix. It should be noted that the results of the formula will need to be unveced. It should also
be noted that only the derivatives of each of the interaction term coefficients in the 4 matrix with respect to
each of the interaction effects for continuous * continuous interaction terms specified in the probit model

will be valid.

Proposition B.1 (The Computation of Continuous * Discrete Interaction Effects)

Let y be a random variable which follows the probability law as defined in 1, then the interaction effects of
a discrete variable, x;, and the continuous variables in the x vector is:

0

% = (®'(x' B+ x' ¥ Ax) B+ Ax])— (' (x0' B + x0' /4 AxO) B + Ax0])

i
The preceding formula computes the interaction effects for interaction terms that are based on the
interaction of a continuous and a discrete variable, where # = x' ﬂ +x'Ax, X; is a discrete independent
variable, @' is the first derivative of the standard normal cumulative distribution, X = [x1 e xn] isa
vector of independent variables with the discrete variable x; =1, and x0 = [x1 e xn] is a vector of
independent variables with the discrete variable x; = 0. The computation of the formula results ina 72X 1

vector. It should be noted that only the interaction effects for continuous * discrete (X;) interaction terms

specified in the probit model will be valid.

Proposition B.2 (The Computation of the Derivatives of the Variable Coefficients in the ,5 Vector with

respect to the Continuous * Discrete Interaction Effects)

The derivatives of the independent variable coefficients in the S vector with respect to the interaction
effects of the discrete variable, x;, and the continuous variables from proposition B.1 is:
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= (@"(x' B+x'J5 Ax ) B+ Ax]x'+®' (x' B+ x' )5 Ax) ) -
(@"(x0' B+ x0' )4 AxO) B + Ax0]x0'+d' (x0' B + x0' %4 Ax0)I )

The preceding formula computes the derivatives of each of the variable coefficients in the 5 vector with
respect to each of the continuous * discrete (X;) interaction effects, where u = x'fS+x'Ax, x; is a

discrete independent variable used in the model, @' is the first derivative of the standard normal

cumulative distribution and @" is the second derivative of the standard normal cumulative distribution.
The computation of the formula results in a 72X 7 matrix. It should be noted that only the derivatives of
each of the independent variable coefficients in the B vector with respect to each of the interaction effects
for continuous * discrete x; interaction terms specified in the probit model will be valid.

Proposition B.3 (The Computation of the Derivatives of the Interaction Term Coefficients in the
Matrix, A, with respect to the Continuous * Discrete Interaction Effects)

The derivatives of the interaction term coefficients in the 4 matrix with respect to the interaction effects of
the discrete variable, x;, and the continuous variables from proposition B.1 is:

A 0D (u)
dvec _Ox
Axi
a(VeC(A))' = (q)”(x'ﬂ + X'% Ax)vec([ﬂ + Ax])vec(xx')’+

D'(x' B+ x' )5 Ax)(x®I)I . )~
(@"(x' B+ x0' 4 Ax0)vec([ B+ Ax0])vec(x0x0")+
@'(x0' B+ x0' 4 Ax0)(x0'®1, )1 . ))

The preceding formula computes the derivatives of each of the interaction term coefficients in the A matrix
with respect to each of the continuous * discrete ( X;) interaction effects, where u = x' S+ x'Ax, x; isa
discrete independent variable used in the model, @' is the first derivative of the standard normal

cumulative distribution and @" is the second derivative of the standard normal cumulative distribution.

The computation of the formula results in a n? X n matrix. It should be noted that the results of the
formula will need to be unveced. It should also be noted that only the derivatives of each of the interaction
term coefficients in the 4 matrix with respect to each of the interaction effects for discrete x; * continuous

interaction terms specified in the probit model will be valid.

Proposition C.1 (The Computation of Discrete * Discrete Interaction Effects)

Let y be a random variable which follows the probability law as defined in 1, then the interaction effects of
the discrete variables, x; and x; in the x vector is:
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KO _ (ot 14 )~ D B+ K AK))

Ax,Ax,
(D(I'B+1'Y Al)—D(m' B+m' Y5 Am))

The preceding formula computes the interaction effects for interaction terms based on the interaction of two
discrete variables, where u = x'f+x'Ax, x; and x ; are discrete independent variables used in the

model, @ is the standard normal cumulative distribution, j = [x1 e xn] is a vector of independent
variables with the discrete variables Xx; = l,xj =1; k= [)C1 xn] is a vector of independent
variables with the discrete variables x; =0, x ;= I, = [x1 x”] is a vector of independent
variables with the discrete variables x; =1,x; =0;and m = [xl xn] is a vector of independent

variables with the discrete variables x; = 0, x i = 0 . The computation of the formula results in a scalar.

Proposition C.2 (The Computation of the Derivatives of the Variable Coefficients in the Vector, ﬂ , With
respect to the Discrete * Discrete Interaction Effects)

The derivatives of the independent variable coefficients in the § vector with respect to the interaction effect
of the discrete variables from proposition C.1 is:

AN D(u)
Ax,Ax,
op

0
=(@(j'B+j' )5 4))j — Ok B+Kk' )5 Ak k)~
(@' B+1')4 Al —D(m' B +m' Yy Am)m)

The preceding formula computes the derivatives of each of the variable coefficients in the ,B vector with
respect to the discrete * discrete interaction effect, where u = x' ,B +x'Ax, X; and Xx ; are discrete

independent variables used in the model, @ is the standard normal cumulative distribution,

Jj= [xl xn] is a vector of independent variables with the discrete variables x; =1,x = 1;
k=[x, --- x | is a vector of independent variables with the discrete variables x; =0,x. =1;
1 n P i J
[=|x, -+ x| is a vector of independent variables with the discrete variables x; =1,x. =0; and

1 n p i sV
m= [xl xn] is a vector of independent variables with the discrete variables x; = 0, x = 0. The

computation of the formula results in a 72X 1 vector.

Proposition C.3 (The Computation of the Derivatives of the Interaction Term Coefficients in the
Matrix, A , with respect to the Discrete * Discrete Interaction Effects)

The derivatives of the interaction term coefficients in the A matrix with respect to the interaction effect of
the discrete variables from proposition C.1 is:
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——L = (@ B+ ' S 4)) -k B+ k' ) Ak k')~
(D' B+1' Y ALI'-D(m' B+ m' Y5 Am)mm")
The preceding formula computes the derivatives of each of the interaction term coefficients in the

interaction term coefficients matrix, A, with respect to the discrete * discrete interaction effect, where

u=x'p+x'Ax, x; and x; are discrete independent variables used in the model, ® is the standard

normal cumulative distribution, j = [xl x”] is a vector of independent variables with the discrete
variables x; =1,x j =1; k= [x1 xn] is a vector of independent variables with the discrete
variables x; = 0,x = 1; = [xl xn] is a vector of independent variables with the discrete
variables Xx; = l,xj =0;and m= [x1 xn] is a vector of independent variables with the discrete

variables x; =0, x = 0 . The computation of the formula results in a 7 X 7 matrix.

3. CONCLUSION

In conclusion, the paper has found that the formulas and method developed by Norton, Wang and Ai (2004)
to compute the interaction effects, and their standard errors, in probit and logit models are not suitable for
computing the interaction effects and standard errors for probit or logit models which contain multiple
interaction terms that include the same variable. To overcome the limitation of the formulas and method
developed by Norton, Wang and Ai (2004), the paper develops a set of matrix algebra formulas that will
compute the interaction effects for probit models that contain multiple interaction terms, including where
two or more interaction terms include the same variable. It also develops a set of matrix algebra formulas
that compute the derivatives of each of the coefficients with respect to the interaction effects. The matrix
algebra formulas developed in the paper are divided into three subsets. The first subset of formulas
compute the interaction effects for interaction terms based on the interaction of two continuous variables;
they also compute the derivatives of each of the coefficients with respect to the continuous * continuous
interaction effects. The second subset of formulas compute the interaction effects for interaction terms
based on the interaction of a continuous variable and discrete variable; and also the derivatives of each of
the coefficients with respect to the continuous * discrete interaction effects. The final subset of formulas
compute the interaction effects for interaction terms based on the interaction of two discrete variables, as
well as, the derivatives of each of the coefficients with respect to the discrete * discrete interaction effects.
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